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A boundary-layer model of thermocapillary flow in a cold corner
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This work develops a boundary-layer model for the thermocapillary feedback mechanism that can
occur at the edge of weld pools and other materials processes, in the limit where convection
dominates the heat transport but the Prandtl number is small. Previously, CaRtight Fluidss,

1415 (1994] showed that in this regime the dynamics of this “cold corner” region is locally
determined through the thermal gradient driving the convection that contains the gradient. The
present work applies standard boundary-layer approximations to construct a model that captures this
dominant feedback mechanism and agrees well with a purely numerical mod200®American
Institute of Physics.[DOI: 10.1063/1.149811]7

I. INTRODUCTION the cold corner feedback region. This model, with no adjust-
able parameters, agrees well with the purely numerical

Many materials processes involve a pool of molten matesults®
terial with a free surface. In some cases thermocapillary  This model of the rapid convection and high heat trans-
forces predominate in driving vigorous convection in thefer in the cold corner may be useful as a local description,
melt, at least in certain regiorise., cold corner regiotsor  when coupled to numerical investigations of the overall be-
in low gravity. Reviews of some relevant studies of ther-havior of the melt in materials processes. Such use would
mocapillary flows, both numerical and analytical, are givenobviate the otherwise severe numerical requirements of re-
by Ostrach and by Davis’ Some careful numerical studies, solving the small length scales of this important region of
e.g., those of Zebitet al? and Zehret al,® have shown high heat transfer.
strong thermocapillary convection and heat transfer in a  This work is organized as follows. We define the prob-
small region where the liquid meets the relatively cool solid,lem in Sec. Il and also correct the scaling of Canriyht.
at least for small Prandtl number. The small length scales iBec. Il we exploit the boundary-layer structure to derive the
this “cold corner” region result from a sort of positive feed- leading-order equations for each region. Section IV gives
back, where the surface thermal gradient drives the conve@nalytic solutions for the flow inside and outside the bound-
tion that compresses the thermal gradient. Great care is neary layers, and describes the numerical solution method for
essary to resolve the small length scales of this regiohe thermal field. Results and conclusions comprise the last
numerically. two sections.

In previous work, Canrigftexplored the scaling of the
cold corner region in two dimensions, analytically and nu-
merically, and showed that for sufficiently strong convection,
i.e., high Marangoni number, the corner dynamics and scal-  The present work analyzes a particular parameter regime
ing arelocally determined, relatively unaffected by condi- of the problem examined by CanrightThe analysis below
tions far from the corner. For such cases where additionallyvas shown in much greater detail by HubeA pool of
the Prandtl number is small, and hence the Reynolds numbéficompressible Newtonian fluid is bounded on the left by a
is high, thin viscous boundary layers form within the cornervertical solid wall, piecewise isothermal, cold to degtand
region, preventing the vorticity from diffusing into the main hot below, while the fluid far from the corner is at the hot
flow. The present work develops a boundary layer model foambient temperature: See Fig. 1. Above the horizontal free
this case. surface of the liquid is an inviscid, nonconducting gas. Sur-

Standard boundary layer techniques are applied to givéace tension is assumed strong enough to keep the free sur-
approximate descriptions of the viscous boundary layergace flat(small Capillary number but with surface tension
along the free surface and the solid boundary. The entrainariations due to a linear dependence on temperature. Grav-
ment into the boundary layers drives the irrotational flow inity is neglected. The resulting flow is assumed to be two-
the “core” region, outside the boundary layers. The coredimensional and steady.
flow is used in numerically solving the convection-diffusion The corresponding dimensionless problem follows,
heat equation. The resulting surface thermal gradient is usdshsed on the overall length scalgfrom the wall boundary
to update the surface boundary layer. This cycle is iterated toondition, the temperature differenc®T, and the velocity
convergence, giving a consistent approximate description cdcaleus=yAT/u, wherey, assumed constant and positive,

II. PROBLEM STATEMENT AND SCALING
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FIG. 1. Problem formulation: A liquid quarter-space is bounded above by
flat free surface subject to thermocapillary forcing, and is bounded on th
left by a rigid vertical wall, at temperatufg, to depthd and at the warmer
temperaturel,, below, which is also the ambient temperature of the undis-
turbed fluid far away. The region near the corner is modeled here.

is the negative of the derivative of the surface tension wit
respect to temperature apdis viscosity

Mu-VT=VZT, (1)

M/Pu-Vu=—Vp+V2y, )

V-u=0, 3
with the boundary conditions

at y=0: T,=0, v=0, u,=T,, (4)
-1, y<1

at x=0: T= 0. y=1 u=v=0, 5

as Xx,y—o: T—0, u,v—0. (6)

Hereu is the velocity vector with componentsandv in the
x (rightward andy (downward directions,p is pressure,
andT is temperature. The two dimensionless parameters a
the Marangoni numbeM =u.d/«x and the Prandtl number
P=v/k, wherex is the thermal diffusivity and is the ki-
nematic viscosity. The Reynolds numbeRsM/P.

With two independent parameters there are four differen

hC
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—(UM~UIl, which is of the same order as the velocity gra-
dient. This is inconsistent with the core flow being essen-
tially irrotational, with vorticity confined to the boundary
layers, as is seen in the numerical results. Hence the core
velocity scale in both directions must be that of i.e.,
(82

In the surface boundary layer, convection and vertical
diffusion of momentum are both important, so frof),
(M/P)U?%/I~U/ &%, In the core, outside the viscous bound-
ary layers, convection of heat balances diffusion(l9@ives
M(8/1)U(1N)~1A2. Solving gives these scales]
~M~P72 5~M P! U~P, with the core velocity
scaleP?. This regime applies as long as diffusion of momen-
tum is negligible in the core and the horizontal thermal
length scale is much smaller than the vertical, givikg

P2 p<Ll.

This correction modifies the scaling analysis in
Canrighf in the convective inertial regime. Similar reason-
ing applies in the conductive inertial regime. This gives the
scalingsl~1, U~ 6~ (P/M)*3, as previously,but with the
ore velocity scale B/M)?3. The range of the conductive
inertial regime is changed tB<M <P~ 2, P<1. Note that
all these corrected scalings retain the same dependence on
the Marangoni number as given by Canri§hanly the
Prandtl number dependence has changed.

IlI. BOUNDARY LAYER STRUCTURE

For small Prandtl number and sufficiently large Ma-
rangoni numbefthe convective inertial regiméhe vigorous
cold-corner convection is limited to a region of sik&1,
and within this region relatively thind<l) viscous bound-
ary layers occur along the thermocapillary-driven surface
and along the rigid wall. The dynamics of this region are
locally determinefl and the locakffectiveMarangoni num-
ber is unity; henceM does not appear in the appropriately
rescaled equations. Here we apply boundary layer techniques

re

to6 model how these thin viscous layers interact with thermal

convection in the core region, outside the viscous layers.
For this regime, locally rescaling the problem using the

ore scaleglengths~M ~*P~2 and velocities~ P?) gives

he system below

asymptotic regimes of behavior. The regime we consider

here is where the flow is strong enough to compress the UTyx+VTy=Txx+Tyy, @)
thermal gradient against the wall and the viscosity is small L

enough that vorticity is confined to thin boundary layers UUx+VUy==pxt P(UxxtUyy), 8)
along the surface and the wall, around an essentially irrota- UV, +VVy=—py+ P(Vyx+ Vyy), 9)
tional core region. These viscous boundary layers are within

the compressed thermal region, as seen in the prior numeri- Ux+Vy=0, (10

cal results; this is the region we analyze here. where subscripts indicate partial derivatives, with the bound-
Following Canright let the velocity scale along the sur- ary conditions

face beU, the horizontal length scale of the temperature

variation bel, and the vertical thickness of the surface vis-  surface Y=0:Ty=0, (1)

cous boundary layer bé. From the thermocapillary condi- V=0, (12)

tion (4c), U/5~1N. Then by continuity(3), where the

boundary layer meets the core; (8/1)U~(5/1)2. P?Uy=Ty, (13
If the horizontal velocity in the core is of the same scale —0T— _

as that along the surface, as assumed in previous i wall X=0:T=-1, (14

the vorticity in the core scales as=v,—u,~(U 5112) u=0, (15
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V=0, (16) wall x=0:U=0, (28
far away X,Y—o:T—0, 17 v=0, (29)
U—0, (18 match to corex—o:v—0, (30)
V—0. (19  where the initial condition aty—0, matching to the flux

Here uppercase letters are used for the variables scaled
this way:U, V, X, andY. Pressure is still lowercage Note
that the wall is isothermal on this scale.

Following standard boundary-layer methods, we break
up the problem into separate regions: The core region, g Core flow
horizontal boundary layer along the surface, and a vertical To leading order, the core flow is irrotational, since the
boundary layer along the wall. Relative to the core regionyiscous terms are of ordé? and the flow upstream goes to
the boundary layers are thin, by a factorRyfwith the com-  zero.(This assumption seems to agree reasonably well with
ponent of velocity along the boundary being large, by a facprevious numerical results, where the vorticity generated by
tor of P~1. We will use lowercase letters to indicate vari- the surface and wall appears to be confined primarily to the
ables scaled appropriately for the boundary layers, e.g., iboundary layer$.Then the core potential flow is determined
the surface layey=Y/P andu=PU. We decompose the by the normal component of velocity on the boundaries, i.e.,
problem into separate regions below, including only terms oby entrainment into the boundary layers. The stream function

5 m the surface layer, will be defined below. Again, the core
ow is negligible, so the wall layer depends only on the
initial condition.

leading-order a$—0. i satisfies Laplace’s equation
A. Surface boundary layer Pxxt yy=0, (31
Applying the standard boundary layer approximation U=y, V=—1ix, (32
gives the following system for the flow in the surface layer:, i the asymptotic matching conditions
Ulx+VUy=Uyy, (20 surface: iV o d X, Y) = im Vel X,Y), (33
ux+V,=0, (21) Y0 yoee
with the boundary conditions wall: im U gord X, Y) = lim Uya(X,Y), (34)
X—0 X—00
surface y=0:u,=Ty, (22
far away X,Y—o:U,V—0. (35
V=0, (23
match to corey—c:u—0, (24)  D. Core thermal field and matching
upstreamX— x:u—0. (25) The heat balance in the core is governed by the

convection-diffusion equatiofv), where the velocity field is
Note that, because the core flow is of a higher ofdere P the core potential flow.
smalley, the pressure term of the standard boundary layer Because the boundary layers are thin relative to the core
equation does not appear, and the matching condition to thgermal variations, they might be expected to play no role in
core flow is homogeneous. Thus, to leading order, the surfacge thermal boundary conditions. However, flow in the
flow is entirely determined by the surface thermal gradient. boundary layers is fast, so thermal convection in the layers
This leads to a net mass flux towards the wall,xas can affect the heat balance. To examine this effect in the
—0. Since the wall is impermeable, the boundary layer apsurface layer, assume the core temperature Ti¢k.Y) has
proximation must break down in some small sub-regionan additional small perturbatio®t(X,y) in the layer, due to
whose size is of the same order as the boundary layer thickhe fast flowP ~'u(X,y) there. Then the heat equati¢n)
ness, where the flow turns the corner to flow down the wallpecomes, in the surface layer:
This gives the initial condition for the flow in the wall

-1
boundary layer; the actual matching condition used will beP "U(Tx+Pt)+V(Ty+ty)

discussed later, along with the solution methods. = (Txx+Ptyy) +(Tyy+ Py, (36)
B. Wall boundary layer or, to leading order
Similarly, the standard approach describes the flow down  uTx=t,, (37
:Eg \évasllt,ez:artlng from an initial net flukiike a wall je, by where Ty is independent ofy through the layer, and the
y insulated surface boundary conditi¢tl) becomes
Uvstvoy=vxe, (29 Ty(X,0) +1,(X,0)=0. (39)
Ustoy=0, @7 Outside the layer, the fast flow and thus the thermal pertur-
with the boundary conditions bation disappear:
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Surface Velocity Comparison

as y—o:t—0 (and u—0). (39 0

Integrating(37) with the above conditions gives the surface
matching condition for the core temperature

o0

surfaceTy(X,0) =Tx(X,0) jo u(Xx,y)dy. (40

Velaocity

The thermal convection in the layer acts as a heat source to
the core.

Applying a similar approach to the wall layer shows that,
because the wall is isothermal, there is no leading-order ther-
mal effect of the fast flow down the thin wall layer. So the
remaining conditions on the core heat are as befbdeand

(1) -0.04

—— 05
Distance From Wall

IV. SOLUTION FIG. 2. Comparison of surface velocity profiles from numerical data of
. Canright(Ref. 6 (solid) and Timman’s method predictididotted based on
Based on this boundary layer structure, our overall solusne numerical temperature gradieffthe numerical data for all comparisons

tion scheme is iterative: usedM =10 000 andP=0.01.h)

(1) Assume some initial surface thermal gradigér(X,0);
(2) solve the surface flow driven by the thermal gradient;

(3) solve the wall flow from the surface flow turning the Following Timman, we define the momentum thickness

corner; S, s
(4) solve the core flow from entrainment into the boundary c a’(X)m o )
layers; 525f udy=—,—4(X) fo [erfa(7)]°dn, (44

(5) find the resulting temperature field in the cdréX,Y);
(6) if the solution has not yet Converged' go back to Step Zand the surface stress can be written in terms of the momen-

tum thickness as

The methods we used for each step are detailed below. d

Uy(X,0)= = g5 (8)=Tx. (45)
A. Surface boundary layer

In typical laminar boundary layers by solid surfaces, theSince far upstream both the thermal gradient and the velocity

no-slip condition generates vorticity at the surface, which isVanish, solving yields

convected along the surface due to the external flow. We — 5,=—T. (46)
adapted the method of Timm&ndeveloped for the usual
case, to the surface layer in our proble(@8)—(25), where

the thermocapillary stress generates vorticity and also in"9

Thus we can solve for the boundary layer thickness, giv-

duces the flow along the surface, while the external flow is T3
negligible. o(X)= e (47)
Timmarf assumed a velocity profile of the form %
where
u )
U=f(77)=1—f e "(atcy’+--)dy T (> \/; V2
7 e= —j [erfd ) ]2dyp=—|1— =|. (48
, , 4 Jo 2 2
—e " (b+dy+--), 41 ) ) i
( 7 ) 4D Then the resulting velocity model is
where n=y/§(X), with 6(X) indicating the layer thickness, =
g : -
and the coefficients, b, c, andd, etc., are funct_|ons o)f( U= — —8‘1’3(—T)1’3(Tx)1’3erf0( ). (49)
For our purposes, a single-term profile suffices with the 2
velocity decaying to zero: and the stream function indicates the mass flux in the layer:
_ _ *® 2, a(X)\/; (_T)2 1/3
U—f(ﬂ)—fﬂ a(X)e™" dt= 2 erfa( 7). (42) 'r/fsurfacéxyy):J' udy=— T
e 1x
Then the surface shear stress is 1—e 7 Jm
f’(0) —a(X)_ 5 +7nerfc(n) . (50

u(X,00= —o-= =Ty, (43
y

A(X) A(X) For comparison, we used previous numerical surface

where the last equality is due to the thermocapillary conditemperature dafao calculate the surface velocity frof9).

tion (22). Figure 2 shows this boundary-layer velocigotted along
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with the numerical velocity data from Canri§hsolid). The  momentum flux.” For our problem, we need to find a way to
excellent agreement validates this simple model of the thematch the surface layer flow toward the wall to the strength
mocapillary layer. Taking a vertical profile of through the  of the wall jet down the wall. Note, however, that the simi-
boundary layer also gives reasonably good agreement béarity solution is singular at the origid =0, where the peak

tween the predicted shape and the numerical data. velocity becomes infinite while the mass flux goes to zero, so
Note: the numerical data for this and all later compari-applying matching at the origin is impossible.
sons was calculated with the parametdis=10000, P Glauert suggests one way to estimate the magnitude of

=0.01. But since this cold corner region is locally deter-F, by

mined, independent of the global length scale, therldbal,

effectiveMarangoni number 8l .4=1, giving a local, effec- F~ 3 (typical velocity X (mass fluy®. (56)
tive Reynolds numbeR.4=100. These numerical results do

exhibit the local structure assumed here. But if we use the typical velocity and mass flux from the

surface layeffrom (49) and (50)] we getFoTy 3, ie., as
B. Wall boundary layer the thermal gradient steepens and surface convection gets
) stronger, the wall flow gets weaker, which is not reasonable.

We assume that the rapid flow along the free surface |nstead, we match the peak surface velocity into the cor-
towards the wall turns to flow down the wall, in some small ey 1o the peak velocity in the wall layer coming out of the
subregion near the origin where the boundary layer approxizomer, at a distance of one boundary layer thickness down
mations do not apply. Then this initially concentrated flow he \all to avoid the singularity
down the wall into passive fluid forms a plane wall jet, gov-

erned by(26)—(30). Jr 13

Tx

The wall jet is not constrained by any external lengthUmax™ 5| 77/ = Umax
scale, so an appropriate model is the similarity solution of
Glauer? o4 )P Y3\ v
=2 S at Y=A=2 < (57)
Ywan(X,Y) = — (40F Y)Y (), (51)
5E \ U4 wherec=(5F/2) andTy is the gradient at the origin. Solv-
77:(@) X, (52)  ing gives
where the profilef (#) is given implicitly by Eo 16\5(2) v 59
=I —gz+g+1 +v3 arct g 53 0
7=in (1—9) arcta 2+g)’ (53 This matching condition foF captures the positive feedback
with f=g2, and the scaling factdF is defined as mechanism of the cold corner, where a steeper thermal gra-
’ dient gives stronger flow.
— ” ” 2 ’
F= fo v L vidx” dx, 54 ¢ core potential flow

which is constant along the wall jet. Then the velocity may ~ 1he potential flow in the core region due to entrainment
be written as into the boundary layer81)—(35) is expressed as the super-

position of two contributions to the stream functi@ne,

S 1/2]”(7]) (55) one due to the surface layer and one due to the wall layer
2Y '
X,Y)= X, Y)+ X,Y). 59
The shape of this velocity profilés5) resembles typical ve- Veord X.Y) = Yore s X, Y+ eore wal X.Y) (59
locity profiles near the wall from the prior numerical déta. The first partiicore st i found by boundary integrals,

This similarity solution for the wall jet depends only on using the Green’s function for Laplace’s Equation in a
the quantityF, which Glauert terms the “flux of the external quarter-plane X>0,Y>0) with Dirichlet conditions

1 X—=Xo)%+ (Y= Yo)?I[(X+Xg) 2+ (Y +Y)?
G(X.Xe) = —1n [( . 0)2 ( 0)2][( 0)2 ( ! 0)2]]7 60
A | [(X=Xo)+ (Y+Yo) J[(X+Xo)“+ (Y= Y0)7]
|
The boundary condition must match the stream function aThen throughout the core
the edge of the surface layer .
’pcore,sf&Xao): ‘//surfacéxaoc) lﬂ(X:Y)core,sfc: a JO lﬂsurfach,m &_Y Y:de. (62)
=— L7272 Ty) R (62) Due to the singularity of the self-similar wall jet at the
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origin, the zero mass flux out of the corner cannot match the
mass flux into the corner from the surface layer. This would
give a discontinuity in the stream function at the origin, act-
ing as a mass source of fluid flowing radially away from the
origin, which is unreasonable. To eliminate this discontinu-
ity, the wall boundary condition oy stcis modified from
zero to a constant equal to the flux into the corner,
Ysurtacd 0,0) . Equivalently, a term of the form

SteadyState Temperature Solution
T T T T T T T

2
Weorrectioh X, Y) = Ysurfack 0,°) ; arctaniY/X), (63

Distance From Surface

is added to theygge s from the boundary integral62)
above. Note that this correction does not affect the normal
velocity matching conditions from the core to the boundary
layers.

The potential flow due to the self-similar wall jet is
based on the approach of PlotRfhwho used complex vari- 5
ables to find the outer potential flow induced by Glauert's
solution in a half-plane. Here, we apply the boundary condiFIG. 3. Steady-state temperature: Isotherms from the ADI method, over the
tions in the quarter-plane, namely, thakcewa(0Y)  whole computational domain.
=—[5v(x,Y)dx=—(40FY)* and ¢core wal( X,0)=0 for X
>0. Then the core flow from the jet flowing down the wall V. RESULTS

0 Distance From Wall 5

becomes Figure 3 shows the steady-state temperature solution.
The spatial step size is 0.01 in both directions. The thermal
Peorewal X, Y) = — (40F) V[ Re((Y+iX) 1) field is compressed against the wall by the flow into the

corner. A closer view of the corner is shown in Fig. 4, which
also compares our current approacm the lef} with nu-
merical data from Canright(on the righj. In comparing,
note that our model here is a local one, and so does not apply
at the temperature discontinuity in the numerical data, where
The heat in the core is governed by the convectionthe wall boundary condition foy>1 wasT=0. The com-
diffusion equation(7), with Dirichlet conditions at the wall parison is encouraging, particularly since the model has no
(14), homogeneous Dirichlet conditions far awély7), and adjustable parameters.
Neumann matching conditions for the heat flux from the sur- ~ ag another comparison, surface temperatures are plotted,
face boundary layef0). But for numerical purposes, rather i, Fig. 5. There is excellent agreement of the temperature
than solve(7) directly, instead we solve the unsteady heatgyragient in the corner, where the thermocapillary feedback is

—(1+v2)Im((Y+iX)¥4]. (64)

D. Core thermal field

equation strongest. The details differ farther out, but the numerical
data is for somewhat different far-field conditions, including
Tt UTx+VTy=Tyx+ Tyy, (65 recirculating flow.
wheret is time, until steady state is reached. Uniform solution

Also, artificial boundaries were introduced to modify the To ill h he bi i h
guarter-plane problem into a rectangle problem. The domain . ol ustrgte ow t © Py It together, we construct a
size and new boundary conditions were chosen to approan'formly valid composite solution for a particular value of

mate the far field. Specifically, on the right boundaFy 0 o 0
for the hot incoming fluid, and on the bottom boundary,
=0 to minimize downstream influence.
The alternating direction implicif ADI) method was v
used to solve the two-dimensional unsteady heat equation on
&
. . . [\
tive solution involved two loops: The outer loop updated the
velocity field, based on the temperature along the surface; °\
AN
changlng._ Once the difference _between successive temperI?]-G. 4. Steady-state temperature detail: Isotherms of local mg@eft)
ture solutions fell below a certain tolerance, steady-state Wagmpared to numerical dateight) from Canright(Ref. 6, over a region of

a uniform grid. The initial temperature field was exponen-
\ 0.7
; 09
the inner loop(a fixed number of iterationsvas simply the G\ ] /
assumed. sizel.

=

tially decaying on the surface and zero elsewhere. The itera-
ADI algorithm marching in time with the velocity field un- 0 10 1
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Surface Temperature

Uniform Temperature Solution

Temperature

0 0.5

FIG. 7. Uniform temperature solution detail: Isotherms w(itotted and
without (solid) the surface convection term, f&r=0.01 (vertical scale ex-
aggeratef

-

0 Distance From Wall 5

the wall decreases, and the vertical wall jet can clearly be
FI_G. 5. Stea_ldy—state surface temperature: Current medgt) compared to seen(The wall jet flow turns out to be the strongest compo-
prior numerical datdRef. 6 (dotted. nent of the uniform SOlutiOD].
The uniform composite form for the temperature is sim-
ply that used to find the surface heati(gy), i.e.,

the asymptotic p_arametd?,—0.0l, in the standard way. For_ Tunitorm(O6Y) = Toual X, Y) + P tinel X, Y/P). (70)
example, the uniform stream function for the entire domain
can be written as Here P tihne(X,Y/P) is the temperature adjustment within
the surface boundary layer, fro(87), which decays to zero
Punitorm™ Yinnert Youter™ Ymatcy (66) outside the surface layer, so there isThQ,cnto subtract. The
where the inner solution is composed of the flow field in theTouter IS the temperature solution obtained from the ADI
surface and wall boundary layers, method.
As can be seen in Fig. 7, the uniform temperature solu-
Yinned X, Y) = Yrsurtacd X, YT P) + hyan( X/ P,Y), 67 tion (dotted differs from the steady-state outékDI) solu-

the outer solution is made up of the two components of thdion (solid) only close to the surface, and only by a small
core velocity, due to the similarity solution and the Green’samount. The uniform temperature predictibendstoward
function the surface to intersect it perpendicularly, satisfying The

=0 boundary condition.
‘poutel(XvY) = ¢core,sf&X1Y) + wcore,wal(xa Y), (68) y

where eore sfc iNCludes the correction froni63), and the v, CONCLUSIONS
matching part, representing the overlap of inner and outer

solutions, comes from the matching conditions The results show that this boundary layer model effec-

tively captures the dynamics of the cold corner region, in the
Pimatch X, Y) = Yeore st X,0) + eore wall 0,Y).- (69 convective inertial regime. The thermocapillary stress from

horizontal velocity component increases as the distance t8long the surface, modeled well by a simple one-term flow
profile. This surface flow dependsly on the surface ther-

mal gradient. In some small subregion not modeled here, the

inward surface flow turns downward along the wall. This
0 Jniform Stream Function downward flow is modeled as a self-similar wall jet, where
the peak velocity at a position one boundary layer thickness
down is matched to the peak velocity in the surface flow.
(The singularity of the similarity solution at the origin pre-
cludes matching thereEntrainment into the boundary layers
drives a weaker core flow, modeled as irrotational, combin-
ing a boundary integral term for the surface with an analytic
form for the wall jet. This core flow convects heat toward the
wall (solved numerically;, containing the thermal gradient,
and thus completing the feedback loop.

This leading-order boundary-layer model depends on a
single small parameter, the Prandtl numBerThat param-
eter only affects how thin the boundary layers are; the core

. flow and thermal fields do not change wikh How this local
N N N N model should bescaledto fit the original problemg1)—(6)
0 Distance From Wall 1 depends on the Marangoni numbéralso, of course. Hence
FIG. 6. Uniform stream functiordetai: Streamlines of the uniform com-  this model could be incorporated as a local representation of
posite solution, folP=0.01. The strong wall jet appears clearly. the cold corner, in the context of a global numerical model

Distance From Surface
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matching condition with the wall layer. This would probably

’ . ) ) tional Heat Transfer Conference, Pittsburgh, PAmerican Society of
entail some model of the two-dimensior{dD) turning flow Mechanical Engineering, New York, 198paper No. 87-HT-229.

in the small corner subregion. Another improvement would $p. Canright, “Thermocapillary flow near a cold wall,” Phys. Fluids

be to consider the next terms beyond leading order, in a1415(1994.
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